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(The two sets of e-orbitals are distinguished by their reflection sym-
metry.) The secular determinant is solved for the energy levels of the
orbitals, Fig. 10.17. There are 8 electrons to accommodate, and so the
configuration of the ground state is expected to be 1a32aile*, 'A,.
The total energy reaches a minimum when the bond angle is greater
than 90°, and HF-SCF type calculations give excellent agreement with
the experimental value.

10.8 Hybridization and bond angles

The direct LCAO-MO procedure applied to H,O and NH; does not
give much insight into the reason why the two molecules adopt their
particular bond angles. This must lie in the inclusion of the 2s-orbital
of the central atom, because when it is excluded from the basis set we
revert to the description of the molecule with which we began, and that
leads to predictions of 90° for each. Analysing the source of the
bending is not an essential part of the calculation of molecular struc-
ture, and many publications on polyatomic molecules simply quote the
energies of states and the molecular geometry without looking for
deeper reasons. Nevertheless, chemists do find it useful to build up
rules of thumb which let them visualize what is happening inside
molecules, and they like to try to relate sophisticated accounts of
molecular structure to familiar, simpler versions. How, then, can we
relate bond angles to the involvement of s-orbitals in molecular
orbitals, especially when those orbitals appear to spread throughout
the molecule? Is there some way of thinking of the structure of the
molecule in terms of individual bonds identifiable with links between
pairs of atoms?

The answer lies in the modification of the basis set to be used in the
molecular orbital description. Instead of working with the 2s- and the
2p-orbitals themselves, we can form mixtures of them called hybrid
orbitals, and then build the LCAO molecular orbitals from them. We
shall see that the hybrids point in definite directions, just like the
original set of p-orbitals in our initial description of H,O and NH;, and
so we can see very plainly why the molecules adopt their characteristic
shapes.

Consider the hybrid orbitals that may be formed from the 2s-, 2p,-,
and 2p, -orbitals lying in the plane of an H,O molecule. We shall show
that from them it is possible to construct two equivalent hybrids
pointing along the directions of the bonds and a third hybrid pointing
along the exterior bisector of the bond angle, and that the composition
of the hybrids depends on the bond angle. The two criteria we use are
(a) the orthogonality of the three hybrids and (b) the equivalence of
the two pointing along the bonding directions (so that the C,, symmetry
is preserved). The axes are set out in Fig. 10.18.

Consider first the combination of p, and p, corresponding to a
p-orbital pointing along one of the bonds. Since p, *y and p, * z it
follows that

(10.8.1a)

p =p. cos 30 +p, sin 36.
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Fig. 10.18. The formation of
hybrid orbitals in a C,, system.
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Fig. 10.19. Hybrid orbitals for
6 =(a) 90°, (b) 120°, (c) 180°.
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The equivalent p-orbital pointing along the other bond direction i
p' =p, cos 30 —p, sin 36. (10.8.

These two p-orbitals are not orthogonal (their overlap integral
cos® 10 —sin® 360 = cos @). They are made orthogonal by mixing in
appropriate amount of s-character (we shall see that the proport
required is cos @). We therefore write the two orthogonal, equival
hybrids as

h,=as+bp, h,=as+bp'. (10.¢

Both hybrids should be constructed so that they are normalized
unity (we have seen that this always simplifies expressions), and so
require a®+b” =1 (as s and p are individually normalized and mutu:
orthogonal). The orthogonality requirement translates into the follc
ing condition on the coefficients:

j hih,dr= J(as+ bp, cos 30 + bp, sin30)

X (as+bp, cos 3@ —bp, sin30) dr
=a?+b? cos’30 —b?sin*2@ = a®+ b cos @ =0.

Therefore the two conditions give

As the angle changes from 90° to 180° the amount of s-characte:
each hybrid increases from zero (pure p-orbitals when the bond an
is 90°) to 50 per cent s-character when the molecule is linear. In
case of 104.45°, the experimental value for water, a* = 0.20, or 20
cent s-character, and the hybrids are formed with a =0.45 and |
0.89. The third orthogonal hybrid that may be formed from the th
basis orbitals is also orthogonal to the two just formed (but it is
required to be equivalent to the first pair). It can be expressed in
form a's+b'p,, and little effort is needed to deduce that in this ca

Therefore it changes from pure s when @ =90° to pure p when
bonds are collinear (@ = 180°). The shapes of the hybrid orbitals a:
changes are shown in Fig. 10.19: notice how their amplitudes
projected strongly into one direction. Notice too the special c
® =120° when all three hybrids are equivalent and have the comp«
tion a2=1%, b?>=%; these are called sp>-hybrids, the name reflecting
$:p composition ratio.

Now consider the configuration an oxygen atom needs in order
form a molecule of bond angle 0. In general it is 2pzh'*h, h,. When
angle is 90° the hybrid k' is pure 2s and the pair of mutually equival



-

10.8 Hybridization and bond angles 271

hybrids are pure 2p; hence the configuration in this ‘state of prepara-
tion’ for bond formation, or valence state, to give a 90° molecule is
25°2p32p:2p, and so overall the configuration is 2s>2p*.

Now take the other extreme of possibilities, when the atom is in the
valence state appropriate to forming a linear molecule. Since @ =180°,
h' is pure p, while h, and h, are 50:50 mixtures of 2s and 2p,. The
configuration is therefore 2p32p%(2p}, 25%)(2p}, 2s%) and so overall the
configuration is 2s2p°. The point that immediately appears is that in
order to attain the valence state of a linear molecule, an electron has to
be promoted from an s-orbital to a p-orbital. This is an energy
disadvantage. When the bonds with the hydrogen atoms are formed,
some of this promotion energy will be regained because Fig. 10.19
shows very clearly that as the s-character increases the distribution of
amplitude increasingly favours strong overlap in the internuclear re-
gion. Therefore the strength of the resulting bond can be expected to
increase as the hybridization increases the proportion of s-orbital.

Example. Find an expression for the valence configuration and extent of
promotion of an s°p” atom needed to achjeve two equivalent bonds making an
angle 6.

e Method. Find an expression of the form s™p" on the basis of eqns (10.8.3) and
(10.8.4). The fraction of electron promoted is n — 4.

e Answer. One bond hybrid is s*’p”’, the other is the same, and so together they
account for s**p™” in the valence configuration. The lone pair of electrons

accounts for s**°p**”. Another lone pair occupies pz. The overall valence
configuration is therefore s**™***°p%*2 gince b*=1-—a2 and b =1-a”
the configuration is s*****?p** %-ed Erom eqns (10.8.3-4), a’+a”=
1/(1—cos @), and so the valence configuration for a bond angle @ is
gH1meos Op22=3cos ONA7e=®  The extent of promotion is {(2—3cos ©)/(1—
cos @)} —4=2cos Of(cos ® —1).

e Comment. The extent of promotion changes from 0 (at @ =m/2) to 1 (at
© = 1), the configurations being s’p* and s'p° respectively. The hybridization
ratio of the bond hybrids is bz/a2 =~1/cos @ = "SCC@, and so they are Sp_s”@-
hybrids (e.g. sp-hybrids when @ = ),

We can now see there is a competition. On the one hand it is
energetically disadvantageous to promote the atom to its valence state.
On the other hand, when it is promoted it is able to form stronger
bonds on account of the improved overlap of hybrid orbitals. There is
also an advantageous decrease in the electrostatic bond-bond repul-
sions when they move apart from 90°. It is then easy to see that there
must be a compromise: there is a degree of promotion, not complete,
such as to bring about the greatest net lowering of the energy of the
molecule, and the molecular geometry reflects its extent. In the case of
H,O the optimum energy is obtained when there is the equivalent of
20 per cent promotion of an s-€lectron; in which case the hybridization
corresponds to a bond angle of just over 104°.

The structure of NH; can be accounted for in the same way. The
configuration of the unpromoted nitrogen atom is 2s*2p’. If we impose
on the atom the requirement that the bonds should be built from three




Fig. 10.20. Hybrid orbitals in
NHi;; hy, h,, and h; are
equivalent.

Fig. 10.21. sp-hybrid orbitals;
hy, h,, hs, and h, are equivalent.
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equivalent hybrid orbitals pointing towards the corners of an equila-
teral triangle and a fourth directed along the 3-fold axis, Fig. 10.20,
then in order to achieve the valence state h'’h h,h; some degree of
promotion is necessary, and it depends on the angle between the
hybrids. When the molecule is flat its valence state has the configura-
tion 2s2p*, corresponding to the complete promotion of an s-electron.
Partial promotion of an s-electron results in the formation of hybrid
orbitals forming a triangular pyramid. A fairly straightforward calcula-
tion shows that when the bond angle is 107° (the experimental angle
for NH;) the valence configuration is 2s'*?2p>’®, corresponding to 78
per cent promotion. This compromise value represents the competition
between promotion energy investment and bonding energy gain as a
consequence both of the enhanced overlap, and of the modification of
the repulsive interactions between the bonding and non-bonding elec-
trons in the molecule (the three N-——H bonds are now further apart,
and so interact less strongly).

The most striking example of hybridization is the carbon atom,
which in its ground state has the configuration 2s*2p®. In the case of
methane, CH,, we expect four equivalent orbitals pointing towards the
corners of a regular tetrahedron. This is a special case of a triangular
pyramid (as in NH,), because now all four hybrids are equivalent and
the inter-bond angles are all 109.47° (= arcos(—3%)). The same techni-
ques as before (mutual orthogonality but identical compositions) leads
to the following forms of the hybrids in this special case:

hl:S+px+py+pzr h2:S+px_py—pz

10.8.5

h2:s_px+py_pz7 h3:s_px_py+p2' ( )
These hybrids are illustrated in Fig. 10.21; because they consist of 1
part s-orbital to 3 parts p-orbital they are called sp>-hybrids.

An atom of carbon in its tetrahedral valence state has the configura-
tion h,h,hshy, and since each hybrid is 4 s-electron and 3 p-electron,
overall this configuration is sp®, representing a promotion of an entire
s-electron from the ground configuration. In the case of carbon there
are special reasons why the promotion of an electron is energetically
less disadvantageous than in nitrogen and oxygen. In the first place, the
promotion can be regarded as taking place from an s-orbital into an
empty p-orbital. In the case of oxygen (2s*2p*) and nitrogen (2s*2p?)
the promoted electron has to enter an already half full orbital and
suffer greater electron—electron repulsion. Therefore less promotion
energy is required in carbon than in either nitrogen or oxygen. Next,
four bonds (of enhanced strength) may be formed from the 2s2p?
configuration, whereas only three may be formed in the case of
nitrogen or two for oxygen. Furthermore, the electrostatic repulsions
between electrons in four different bonds are minimized when they
adopt a tetrahedral arrangement. Therefore there is a greater gain to
offset the promotion energy in the case of carbon, and it occurs readily.
This accounts for the huge array of tetrahedral carbon compounds.
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When thinking about the promotion of an atom to its valence state
do not think of the atom as ‘undergoing’ first promotion and then
bonding. The two occur together: as the hydrogen atoms approach, the
entire system evolves towards its state of lowest energy. Indeed, the
valence state is not even a spectroscopic state. This is because the four
electrons (in sp®) have spin directions that are random with respect to
each other, and the overall angular momentum of the atom is not well
defined. The valence state can be regarded as a linear combination of
spectroscopic states, and for the carbon atom its description is

(142.5%sp® 38) + 3(p* *P) + 3.2%sp> °D) — 3(s?*p> *P)
=3%p* 'D)—2:(sp” 'D) +3x(s’p” 'D)}.

Furthermore, hybridization is not a necessary component of the de-
scription of the structures of polyatomic molecules. The structure of the
methane molecule, for instance, can be described in LCAO-MO terms
using the basis functions 2s, 2p,, 2p,, 2p. on the carbon atom. It is
only when we want to think in terms of the various contributions to the
energy that it 1S sometimes convenient to use an alternative basis
expressed as a linear combination of the primitive basis. The final
expressions, energies, and so on, are entirely equivalent, but one form
may be intuitively more appealing (and easier to analyse) than the
other.

10.9 Conjugated =-systems

A special class of polyatomic molecules are those containing w-bonded a4
atoms, especially the conjugated polyenes and aromatic molecules
based on benzene. They fall into a unique class because the o-bonds "(
and the m-bonds can (to some extent) be discussed individually. One
reason is that the electrons in w-bonds are generally less strongly
bound than those in the o-bonds, and so to some extent can be
discussed separately. Another is that since #-bonds are often found in
extensive planar molecules, they have symmetry properties different
from the a-bonds, and therefore span different irreducible representa-
tions of the molecular point group; as a consequence the secular
equations factorize and they can be discussed separately.

The simplest m-system is that in the ethene molecule. Ethene can be
regarded as the combination of two CH, fragments with sp*-hybrid
bonds forming the o-framework and the remaining p-orbitals of the
carbon valence shell overlapping to form a w-bond. The maximum
overlap between the two 2p-orbitals in the w-bond is achieved when
the planes of the CH, groups are parallel. Any deviation from this
conformation involves raising the energy of the molecule, and so we
have a very simple explanation of the torsional rigidity of wr-bonded
molecules.

When the 7-system is conjugated (i.e. there are p-orbitals on several
neighbouring atoms capable of forming an extended system of -
orbitals, as in benzene) the simplest description of the bonding is in




